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SUMMARY

This report for the period May 1, 1962 - February 1, 1965 on Contract

NAS-8-2642 covers the three accomplishments which are significant in help~

ing solve problems associated with optimized missile trajectories. These

are:

1)

2)

3)

The establishment of necessary and sufficient conditions for the
existence and uniqueness of multivariable least squares approximating
functions.

The development of a multivariable orthogonalization process which
yields the least squares approximating function without solving
the system of normal equationms.

The development of a technique for obtaining an approximating
function which yields an error, in the sense of least squares, :
that is less than a specified tolerance. {K/

1. INTRODUCTION

The theory of least squares approximating polynomials in a single
variable has been covered in great detail in the literature. It is
the purpose of this report to generalize this theory of least squares
to include not only polynomials in several variables but also multi-
variable transcendental functions.
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II. EXISTENCE

We cen state the existence problem as follows:

If {BO,X(BO)], [Bl,X(Bl)},..., {Bn,X(Bn)] are n + 1 pairs of
values of the function X = X(B), where p = (xl,xg,...,xt), By =
(xli’x21""’xti)’ and if % (B), ml(B),..., qN(B) are N + 1 in-
dependent functions of B, under what conditions do there ecxist
constants AO’Al""’ AN such that

N 2
(Agrhyseeesly) = i>_:O (xley) - Z Aoy (2,)

is & minimum?

2
Lemma 1: F(AO Al AN) = 2 {X(B ) - J?o Ajm (B )) is a
continuous function of its arguments.
. 2 N
Proof: | = (x(g,) - : Avoy(By)) - : (x(g,) - “’3(31”
1=0 J=0 1=0 j
N 2 N 2
N 2 N 2
e+ X(B) - Jio Mgy (BT - (X(By) - Jz Aspy(By))
N 2 N
- (s - , z Aloy(By)) - e - (X(BY) - ;,2 Aloy(By )}
N 2 N
- ‘ A(pg) T Aoy(By) + >: S hyay(Be)) - X(ey) T Age(ey)
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N 2

{ ,jio Aypy(By)} - ... - 2X(p)) §0 Aos(B) + j§0 A8y )]
2 N

- 2X(B,) 3}-30 Ajey(By) {z: AjcpJ(Bo)] + ex(al) z: Ao, (B,)

N 2 N N
(JEO Ajcpj(Bl)) + oo+ 2X(B) jz Ae,(B) - JEO At (B ))

N N N
- 2x(8,) {JEO Ayo,(By) - jEO Aoy(By)) - 2X(Bl)[2 Asp4(8y)
N . N
J}Eo 2oy (By)) - e - 2X(B) J>: Ayos(B) - z Aoy ()
2 2

{{ Z AJ%(BO)] {JZO AjcpJ(Bo)} } +
{02 ap " 2 Ao, (6)) }

):: A (B { = A, (B

SAS N o0 32
2
{1 ffo Aoy} - (Jgo moy(e,)) |

N N

\{ EAyey(Bg) = B Myoylegh){ - 2Kleg)
+ | Z’. Ao (By) + )'.‘. Ate,(8,))
j=0 37 joo 47370 }

J=0

N
( E Ajcod(ﬁl)

N

- = Mo,(B)) e - 2X(B,)
420 393 P11 { 1

N N

+ { £ A(B )+2A'n( )}
§=0 Jd j—O'j'j }
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N N
+ oee + JEO -A,jq'j(ﬁn) - ,jEO AjcpJ(Bn)] ’ { - 2x(p,)
N N
+ jEO As,(B,) + JEO Aes(B)) },
N ' N .
.S JEO (A'j - AJ)«:».j (Bg) - {- 2X(p,) + JEO (AJ + Aj)qu(Bo) }
N . N '
| E 8y - Apeyley) - {-2xe) + E 8y aoyley) }
N , N .
+oeee + JEO (AJ --AJ)QJ(Bn)' {- 2x(§n) + ji:o-(Aj + AJ)tﬁj(Bn) }I
N \ N '
<| ) (8 - Aayteg)|: { |2x(e)] + E, (8 + 4y)oy(eg) }
N : N ,
Z, (= aayle)] - 2] | 8 (- "J)‘*’J(ﬁl)' }
N , N \
et JEO (4, - AJ)caJ(an)| Al + JEO (A + Aydoy(B)) }
N , N '
SJEO'AJ R REALY S LGN JEO,AJ + ] Jeyteo)] )
N , N '
* 24 ayf | egtep)] - { texopl RA LR R EACY }

N . N '
$oaee t JEO'AJ - Ay ‘ qd(an)|. { |oxts )|+ JEO 'AJ + 4, I 'QJ(Bn)| }

1] N 1
SogaztsN'AJ ek {Jfo‘q'J(BO)' Cl2x(py)| + oga};sn'% ¥ Adl'

[-----------
LY L]
-+




L

LY

NI (8,) |
T lo,(p )
J-—o%o

N N
A |oge) | € J2xte] 025 < L8y AJIJEO oytep) )

N N
+oeee jEO ' cpJ(Bn) l (] 2X(Bn)| + . 2&3{ . NlAJ + Ay IJEO ' c;J(Bn)l ) }

Hence, F(AO,Al,...,AN) is o continuous function of its arguments.

Lemma 2: The function

n N
QAgs Ay, eeeshy) = 1§o ( - 2x(p,) 320 AJcJ(Bi)]

is a continuous function of its arguments.

n N n N
: - T L - -
Proof: | = { -2X(B;) T £,cy(6,)) igo{ 2X(p, ) A

Ato,(B,)) |
1=0 3=0 AC e

n N N
12=:o ( - 2x(py) JEO Achj(Di) + 2x(p,) jl;:o Ajcﬁj(ﬁi)] I

n N n N .
=l = (-2x(8,) T (&, -2)e,(B)< = (] 2x(B,)]| % |A, -4, |le.8,)])
120 AP e L R | 120 1|J.=O|J 3 lley )l

Ia, -2 | = {128l = fos)] )
A, - A by 2X(p = £
S L A N LA

n
Lemms 3: If % X(Bi)(pd((}i) # 0, for some j, 0 < J <N, then
i=0

Q(AO’AI" ..,AN) has non-zero extreme values on the sphere
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2 2

A0 + Ai + oo 4 AN = 1,

Proof: TLet R(A,A ,...,A) = Ag N Ai e 4 Afl -1

and let y be an undetermined Lagrangian multiplier. Then the
extreme values of Q(AO,Al,...,AN) will occur at the zeros of the

following system of equations:

24, ,OR _
% YbAo“ °
29 ,  OR _
oh*t YR T °
da, dn
oA YOR T

il

n N
r [ -2X(p;) T A (D))

But Q(A,A 5.0, 0y) Z joo 434

n
-2y { Agma(B) + oo v Agy(e)) })

n
Zs (- 2xX(By )hyeo(By) - 2X(py )Mo (By) - ... - 2X(B, JAuey (B, )]

n n n
=20 % XpeB,) -250 T Xp o (B,) - oo -2, T X(B,)a (B, ).
oi=o(1‘*01 h B KA Py ANH) 1\ By

Thus, the system above becomes

»
-

|




Y
.

[ - =

1

n
-2 % X(By)ay(py) + 2vA,

= 0
1=0
; (

-2 % X, ) (B,) + 2y4, = 0

-i___oi’li l
n .

-2 g X(oi)VN(oi) + o2yl = O

1=0

n
Now vy #£ O, since ¥ X(Di)qﬁ(ai) # 0 for some j, 0< J<N.

1=0

Therefore, A

n
3y = 1y { iEO X('Gi)c’j(oi)}’ J = 0,1,...,N, and

A + A._QL + see + As = 1 becomes

n 2 n 2
D ((FDINCsTD) B I 120 X(py ey (B + o

Z (B, Yo )}2
.+ { T Xp 0 = 1.
+ oy APy

T (2 X060
r { = X(p,)o,(B = 1, or
j=0 1=0 1 41 ’

Hence, 1/\(2

5 N n 2
ve o= T (T X(pyloy(py)} . Thus,
J=0  1=0
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- Il B B BN N B Al N TR Bl T T R B BE EE E B

/N n 2
§=0 10

n
n T X(B,)e,(B,)
A, My £ X(8,)ey(B,) = x 10 17
1=0

\/N[n (B, Y. ( )}2
T { = X, )v.(8
oo 1m0 b9

Therefore, the extreme values of 'Q(AO sAyrees ,AN) are

rn 1

N {4 T X(B,)e.lB.) ! n

£ {i L o91 T X(B,)e,(B,))
f 10 91

Q(AO-’AJ."“’,AN) = + 2

Iy xe e
z T X(B, ) B,
I S A

|

S

T B 0.5, ))
N T XB,e.(8.))
=+ 2zl tJE ]

J=0 TR o 5
;J—z s x(p,)g, (6,

J=0 1=0

-—

=d

4

n

These extreme values are mot zero if T X‘(‘Bi)cpd(ai) fails to
1=0

vanish for some j, 0 < J <N.

Theorem: If (po(s), cpl(ﬂ), e (pN(B) are N + 1 functions satis-

n
fying ¢ x(e,i)@j(e,i) # 0, for some j, 0 < J <N, then there
1=0




!----------_'_-

exists constants AO’Al’ sos AN such that

N 2

P(AgsAps e e Ay) =1>_:o (8y) = E Aggy(e,)

is a minimum.

Proof: Iet n # O be the minimum value of Q(AO’A.L"“’AN)

N

on the unit sphere & A2_ = 1,
J=0 Y
/3 e
Case 1: x < O, If x < O, then PN A >1/n (o + 1),
j=0

where @ = g.l.b. of F(A SLTE ..,AN) o exists since F > 0.
Therefore,

( 2
F(A = -

o’Al)"',AN) Z [X(S) E Ajtp (Bi)]

i=0 J=0

il

z X(Bi) . { - 2x(p,) z As0,(By))
1=0 1=0 3=0

n N o
+ £ [ 2 A8y
i=0 j=0

N / N,
> Z { -2x(py) = AJwJ(B )} >y % A

> 1 (Un) (@+1) = a+ 1 > a,

a contradiction. Hence, this case cannot occur.
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Cage 2: n > 0. We assume that

N
V/ T Ai > 1/n (¢ + 1) and obtain the same
J=0

contradiction as in Case 1. Thus,

[N 2
v A < 1/n (a¢+ 1) = R

30 3 7

is & closed bounded set of points (AO,Al,...,AN) inN + 1
dimensional space. F(AD’AI""’AN) is a continuous function of

(AO,Al,...,AN) and has a minimum value in or on the set.
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ITII. UNIQUENESS

We might reconsider the existence problem in a different
fashion which will enable us to solve the uniqueness problem as
well. Recall that we desire to minimize the function

N 2
F(Agshyseeerhy) = 2 (x(y) - = Aup,(py)) .
j-O
Notice that F can be written as the following dot product:
F = B ﬁ, wvhere

N
B = (X(BO) - AJ(p

N
Z, Ayay(Bo) Xoy) + B Agay(By),e,

X(s,) - Jgo A joy(B,)).

2
Thus, F 3.8 =B

]

[[(X(By), X(B)),-e- X(B,)) = Ay(wp(By)s p(By)seee,

cpo(Bn)) - Al(cpl(ﬁo), col(Bi),...,cgl(Bn) ) = ves -
A (ag(Bo)s ag(By)seees a8 DI

="-)E - Ao?po - "151 - eee -ANENHQ, where

il
1

(X(By)s X(By)5..., X(B,)) and

8
i

(o,(By)s 0y(By)seeey 04(BL)), 3 = 0,1,0. 00N,
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Theorem: If f has a relative minimum value at point P in Euclidean

k space and if £ > O, then f2 also has a relative minimum value at P,

Proof: Since f has a relative minimum velue at P, then £(P) < £(Q)
for all Q contailned in some neighborhood of P. But f > 0, and this
implies that O < £-(P) < £(P)£(Q) and 0 < £(P)£(Q) < £(Q) in this
neighborhood. Thus, fe(P) < fz(Q) in this neighborhood.

Therefore, in order to minimize F(A ’Al""’AN) it 1s sufficilent

to minimize the function H(Ag,A ,...,8;) = ||X - - Ao

- ANEﬁ!l « Now H is a continuous function, since

’H(A' A]_"”"AN) - H(AO,A:L,...,AN)]

_ N T - -
=l”§ e i~ ||% - ’3 E Ayl ” (a - Ay
N _ N
SRA |45 - 4] l|‘°a|l-<-02a§sN'A5 - 4] RAIL 1K
N
Similerly, the function K(Aj,Ap,...Ay) = ‘ JEO Ao, || 18
N
continuous, and has a minimum A on the sphere, J2 = 1. Now
, j—O

A # 0, since the vectors E%,E&,...,Eh are linearly independent,

Hence, A > 0.

Tet = denote the g.l.b. of H, Then = > O and if

/ N
VI A 2 5 % (n + 1+ ‘\i H ) = R, then

j=0
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N
H > K - [IZ}} > «/z AJE A =T Y> n+12, 0
J=0
contradiction. Therefore, in seeking the minimum of H, we can re-

strict ourselves to the consideration of ¥ in the closed and bounded
region

N
VD> AJ2 < % (e + 1+ }|X||) = R. In sucha regilon the con-
J=0

tinuous function H has a ninimum.

N
Now let us assume that the two polynomials T Adcgj(B) and.
J=0

N
= quj(s) yleld the best approximation in the sense of least
J=0

squares to the function X.= X(B). Then

HE - hgmg = g%y - o - aygll= T - 459, - Ay - -

A . N“ z aa = 1I% : A = 6
...ANmNH= 8 ; i.e., [IX -;,Eo 494 _“ -,jEO 1o, ”_ ,
where 6 # 0. For if €6 = O, then AJ = Aj, J = 0,1,...,N.
Moreover,

- N A, + A - X 1 N _
I % 'JEO{J‘é""l}‘?J = llcs - EJEOAJ“’J] *

- N N _ N
(% -2 Rl s % - Al 3 I R II-e.
Therefore, H')'(' - 2 {fj—;ﬁ}'&d ” = @, and

3=0




1
_ X A, + AL _ N
17 - = {4501 - 3117 - = gl
N N N
%HS{' -JEOA'BE‘J “ Thus, X -JEO AJ.Z,SJ= u{i-jEOASEJ},

a > 0, since the collection of all vectors having real components

is o0 strictly normalized systen.

Now if @ #£ 1, X 1is o linear combination of the vectors

Eb;Ei,...;EN and 6 #£ O ylelds a contradiction. Thus, a = 1,

N

© (A, ~A') o, = 0,and A, = A!, } =0,1,...,N, since the
joo 37T J J

ES are linearly independent.
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IV.  GENERATION OF MULTIVARTABLE ORTHOGONAL POLYNOMIALS

Again let {BO:X(BO)]J (511)((51)):“" (Bn;x(Bn)] ben+ 1
tabular points for the function X = X(B), where B = (xl,xz,...,xt)
and let qb(ﬁ), ¢i(8)""’ qN(B) be N + 1 independent functions of

N
B. We require a polynomial of the form ¥ AJ‘PJ(B) satisfying
J=0 2

n
the property that ¢ (X(Bi) - T Aﬂqh(ﬁi) } is minimum. A
1=0 3=0

necessary condition for this to be minimum is that

TN VA

E)Ao= -ESZQL s ,,, = 2) AN

equations

0. This yields the system of

Aoy * @ st Ay gy = X

%
AOGO'El L A Aoy & = X-El

+
W
sl
S
+

Bovo By * M@y foeo- st Ay gy = Xy
Obviously, if QO(B), gpl(B),..., ‘*"N(B) are chosen so that

fp’i- 63 =J 13 9 then the problem is greatly simplified.

Now let us define the vectors '55 P —‘P.]i_." .oy BNT as follows:

9y = oy - (8)80)eg ~ (RyEy)e - e - (58 108y ), (32 0,3, W)

—

9
where e, = —————— and (o,,e, ) B e .
pames D528 \ k
N ] ! y

The vectors EO,EI yees ’EN form an orthonormal collection and
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- 1 - _ - - —- - -
e, = — @ -(;p,e e -'((p e, )e -..,-(—‘E Ye ,
J ]'¢ﬁ I { J J’o’"o 3’11 P3°3-17%3-1 }

In eddition, define A (-1) = —t— and A (k) = 978 |
Y a1 v

Y A
kK = 0,1,...,y- 1.

Theorem: If Ay(k) = (E&,Eﬁ) //Hai H s Kk =0,1,...,y- 1, then
A k) = (A (DA 0) - A (0)A(0) - A ()4 (1) - ...

- AY(k—l)Ak(k-l) }.

Proof': Ay(k)

@2/ I 1
S
1 @ 1” - ((‘ ,e.le o
T Fe R/ R G IR
o G/ (1F )

@a)) CITNIT ID - GoR)E,20)/ O 15, I 1D

- - (zak,ak_l)('éy,é'k_l)/ Cllagy, e 4 )

]

AV(-l)Ak(-l)(Eb,E&) - AV(O)Ak(O) - e = Ay(k-l)Ak (k-1).

Although the norms of the vectors Eg, E{,...,E§ are
utilized in defining the Ay(k) of the previous theorem, it is not

necessary to actually construct this collection of vectors in
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order to calculate these norms. This is shown in the following
theorem:

Theorem: If cpl'(

it

-“;k - (Z’k’go)go B (:pk’gl)gl Toree T (ak’;k-l)-e-k-l’
k-1

-—(ﬁ{' JEO (.‘Ek’z,j)g,),

_ _ k-1 _ 1/2
then ”‘pl'f.” = {(gok, cpk) - jZO (mk,ej)(cnk,ej) }

- e ! k- _ k-l _ _ _ 1fe

Proof: ||ey Il= 105 - o sl o - B (0R))S }
S T S = S

{(""k’ cnk) - cpk'j‘io (evk,ej)eJ - c’k",ji:o (Mk’e,j)e,j

k-1 k|
+ [(Tﬂk,go);o'jio (.q-ak,ga)g‘j + (Z“k’gl)gl'ﬁo (cnk,ej)ej +
k-1 1/2
-+ Cae® )5y JEO (qyrey)) }

- O _ k-1 —
{(nk, 4 - JEO (‘k’ej)("k’eg) -JEO ('*-"k’ej)(‘\:’ej)

+ ((?\k’go)(ak’go) + (a:’-e-l)(-‘-’k’-e_l) +

_ o 1/2
(o e e ) ) }

- ) k-1 (= 2 5) }1/2
= 3 - 3 ’e ,e .
{ (a0 o joo RN RSy

i
[
B
I
I
I
I
I
I
I
I
I
I
I
i
I
I
I
I
I
I
I
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Thus, EJ = Ad(-l) EB - Ad(o)E - ... ~ A (3-2)e

0 J J-1’

where the coefficients in this representation can be cbtained from
the following triangular array:

4, (-1)

A (A1) A (0)

A, (-1) A, (0) A, (1)

A3 (-1) A} (0) A; (1) A3 (2)

Notice that only the elements in the first column require any new
calculations, since all other elements in the erray can be written

recursively using these elements and the two theorems above.
To show how these coefficients are to be utilized, let us define

f,(8) = Ax(-1) ¢(B), and

£,(8) = A,(-L)g,(B) - A,(0)£,(B) = A (1)2,(B) - ...

- AJ(J-l)fj_l(B), for J = 1,2,...,N,

Notice that each fJ(B) is & linear combination of the N + 1 in-

dependent functions ¢O(B),'qi(6),...,¢h(6).

Thegrem: If fj = {fJ(BO), fj(ﬁl),...,fj(sn) }, 3 =0,1,...,N,
then T, = e..

J J

PrOOf: fo = {fO(BO))fo(al))"')fo(Bn

ceny Ao(-l)qb(ﬁn) ) = Ao('l)EB = %

) ) = (Ay(-Dey(By) s Aj(-1)ey(B,) s
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Now assume that fk-l = e 1 forl < k-1 < N-1. Then

.
i

i = (T(Bg)y £,(B1)500nyr, (B))

it

{a(-Dq ey - A (00 (8 - & (1) (8) - ...
- A1)y By A(-Da(B)) - A (0)£,(B,) -
A(DEBL) - e - A (kD)2 (8)),

---—-———--——--——————------—

400, )

Ak(‘l) (Qk(ao)’ ¢k(61))'-')ﬂk(6n) )

4, (0) (£5(By)s £5(By),eee,Ty(B,) )

Ak(l) (fl(Bo)’ fl(Bl)"'°’f1(an) ] = e

A (k1) {5y 1(Bo)s £ 1(By)seenyty 1(B) )

Ak(-l) E& - Ak(o)Eb - Ak(l)El, - ees - Ak(k-l)Ek_l = Ek.

N
Now rather than finding the function ¢ Ajgnj(B) such that
J=0

n
y (X(sy) - z Ao (Bi) ) 1s minimized, we now attempt to find
1=0
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N n N 2
the function ¥ A3fd(6) such that ¢ {X(Bi) - T Ajfj(ai) )
J=0 1=0 3=0
is minimized. The conditions necessary for this are the normal
equations
' = Y. &
AO = X eo
t . ¥.a
Ay = Xrey
1 = Y.8
AN = X eN.
N N
This yields the function ¥ A!f (B) = ¥ A,n.(B) such that
=0 J 3 329 J
N N 2
T {X(Bi) - ¥ A,00.(B) ) 1s minimum,
1=0 j=0 9
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V. BOUNDS FOR THE ERROR FUNCTION

A recursion procedure has been developed for obtaining the

coefficients Ay, A;, ... , Ay of the function Aomo(a) + Al(ol(ﬁ) + - -
-+ Ath(B) such that

5 -z {X6,) -z (s)}e
1=0 V75 %%

is minimum, This scheme yields the coefficients of the approximating
function without having to solve the normel equations. Of course, the
least squares procedure minimizes the sum of the squared errors, yet we
have no assurance of the relative size of this error. In this report,
we will develop a process for choosing the approximating function in
such a'fashion thdt the error will not exceed & given tolerance.

Before doing this, let us examine more closely the error E ine

N
curred by using the function % Ajm (B) as an approximating function.
J=0

If the vectors EB, E&, cee E&, N < n, are used to obtain the collection

ey Ei, e Eﬁ of orthonormal vectors; then the error E can be written

as follows:
n _ ) _ _ _
E =i<:~0\_x(ai) -ﬁoAJ J(a)] = | X - Ay - Aoy -
- N _ . 2
c oo = Aoy = || X - = (X ej) e'j I =
2 . N N
Wxy - LY: jEO (X, ej) e, J - LX, jEO (X, eJ) ey ] +
2 _ N _ _ 2
It ® )50 = I%1 - = &5,
3=0 j=0

From this representation of E, we are able to observe the follow-
ing:



\

2
1) || ¥ || 1s en upper bound for E,

2) A sum of any k of the N + 1 terms (f,3)2,0<k<N,

J
will yield an error E' > E,

3) 1If Nl is any other nonezero vector orthogonel to each of

- - 2 N+1 -2
€y 81, «ov 5 Sy, then N - JEO (X, ed) < E.

VI. SELECTION OF THE FUNCTION

2 N
After evaluating || X || - £ (%, Ej)a, we may find that this
J=0
value still exceeds a given error tolerance §. Then we wish to find

EN 41 Buch that

2 N -2
NN - = (X%,
3=0

- 2
J - (i) eN"‘l) s 65

i.e., find 5N+1 such that

(%, 5,22 1% - £ (F,8)% - 3,

where EN , 18 the vector associated with ?&q ,1 thet is orthonormal to

eo, gl, ese eNu

Buppose we let
(DN+1 = (ko;kl,occ,xn)o

Then
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. -t — — -— - -— -— —
P+1 T e (‘&\Hl’ €) € = er - (‘PN+1’ ey) N
= ()\ ,)\- ’00',)\ ) bt (T )\ e )e ® eeve
0’71 n 1=0 o1’ 7o
- ?o Ay eyy) e
if EJ = (eJO, ejl, veey eJn), J 20,1,100,1\1-
Therefore,
( ) - )3 ;
A ’)\ ,ooc,)\ - Z A, e " ees = ( T A, € )E
_ 0’1 n 1=0 i 701 0 1=0 i 'N4° N
®Ns1 ® {n 5 T 2 n 2} SVE
TN, - (2 A, e,) - s = (5 A )
i 120 i Oi 1=0 i Ni
and if X = (to,tl,...,tn), then
[ (5 3, e)(X, T (52, eg)E 5 |
Z )\ t - 2 )\ e X, e " e ™ Z )\ e X e
o 2 120 i1 1=0 i 701 ¢} 1=0 1 N ' N
X, eyyg) = 53 5 5 T 5
T Ay = (2 Aien) = cee = (T A, o)
! jop 1 Ot jo 1 WL
Thus, to have
- 2 ” "2 N _ 2
(X, e ) > X - ¢ (X e,) - 6,
N+ 320 J
we must have
[ : )X, 5) (5 & %) |
E A t - ( E h e (X, e T eee ™ 2 )\ e X, 2
soo 117 20 M ot 0 s e R
n n 2 2
[2A - (m A eg) - (Z)‘e “ 'Z(Xye)-5:
120 i 120 i 0i Ni ] l. ]




T

or

2l

n - - - 2
[120 Ay - (%, ey) o1 = o0 = (X, 7y eny) :‘ >

[n 2 (n )2 n 2 7 2 N 2
2 h - Z >\ e " see = - T Y -
A (150 SENEIRES A (%, 5) -6 |,
or
n 2 - - - 2
z [hi [ti - (X, eo) 601 * ese ™ (f’ eN) eNi]
1=0
n - —— —e -— —
+ ooy kEO MEyg - (X, ) €y = +or - (X, &) engd (b = (X, 85) ey -
K1
— n . 2 2 2 n
e = (% ey ey ] 2 B L Moty ey - By oo Mk ot ok 7 v
1
2 2 n ] [“_”2 N _)2 ]
Y - 2, T A e, e X - % (X, % - 6
1 w1 S T i P ’
11
or
n 2 - - - 2 _
2y {t - @ e - -, ot - CIXIN -
1=0
N 2 2 | _'”2 N . )2 ,
T (X,e,) - 8) + e, (|X - v (X, e - 8} +. ..+
3=0 ’ 73 10) 1 320 773



25
2 _ .2 N - _ 2 n -
ey; IIT -Jfo(x, ed) - 6}} +xi{2k§oxk{t1-(x, %) oy
w1
= eee = (X, 8 g )y - (%, 55) ey - .ol - (F, o) o)
XN -2 @e) -0 : }
2 -5 (%, ¢ -5(2)\e B i W }
Pl 3 oo -k 01 o oo kML Sk ]
11 K>t
> o.
If we let
o _ 2 2 N 2
A = {lty - (B, 5 egy - e - (&, 5 o) - ([ X - B ®E) -
2 _ 2 N O _ _ 2 N___a-
+ ey, (x| -Jzo(x,eJ) -5}+---+em{||X|| J'i:ox,e:_,) -5)},
and

2 N
oo = (X o) e ) + (|| X A (X, gj) BIE: M ot fox Y

k=0
1
cee + 2 >‘k Ny Nk] } , we can write this inequality as
k=0
K1
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Case _J;:

Case 2:
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+ By )\1) > 0, and this inequality is satisfied if

A }‘i + Bi 11 2 0, fori=0,1, ... , n, Notice that these con-

ditions are much stronger than are necessary and we will need to examine
some cases that might arise,

If A1 > 0 for some i, 0 <1 < n, choose
)‘t =0, t =n, n-1, ..., io + 1, where io
is the largest value of 1 such that

Bk
= l, and }\k = - _A'l'{’ ’

-1, provided A £ 0,

A 2 0,

0

k = 0, l, sy io

or )\k = Bk’k=o, 1, eeay i

Ak==0.

0 -1, for

If Ai < 0, for all i, tentatively choose

Ak = 1 and examine

(1) B2, - WA A 2 0, k=nnl,...,210.

If (1) is not true, choose )‘k = 0 and

proceed to examine,

2 =
(2) B , - LA A , > Oford 1.

If (2) is false, choose Xk—l = 0 and

proceed as before.
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If (1) is satisfied for some value of k,
let 1 be the first such positive integer
in the sequence n, n-l, ... , 1, O.

2

Then (B, .)° - LA _. A A > 0, and

i-1 71 74

wve are assured of a solution Ai 1 to the

equation

2 2
A Ma Y Ba Mgyt AR = 0
Notice that the left side of this equation
is just the sum of the ith and (i-1)st terms

n 2
of the sum ¥ (Ai Ay

+ B, A,). Thus, let
1=0 i™1

LY be either solution of the equation

2 4B, A . + AN = 0.

A A i-1 "i-1 i1

1-1 “1-1
B,

Then A, = - Kl , 3 =1-1, ... , 1,0,
J

will assure the satisfaction of the suceed-
ing inequalities.

In the newly computed vector 3%41 = (ho, Al, ces Xn), suppose we

let Ay be the value of some ideal function . (B) at Bi; i.e., ¢h+1(31)

Ai. Then this ideal function assures us that the error E, where
; % A, o6,) ) T
1o 1 jo0 3001 +

is less than the imposed tolerance §. Since we know the values of this
ideal function at the tesbular values Bi’ our next objective is to develop
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e technique for computing (gN+l(B'), for some value B' # By» 1 =0,1,.00,n,
N+l

such that the error obtained by using I 1\.‘1 (pJ( B') to approximnte X(B'),
J=0

in the sense of least squares, is ag small, if not smaller, than the error

N

obtained by approximating X(B') with 1 AJ (pJ(ﬁ‘). We obtain this value
J=0

q:N_'_l(B') in the following manner.

First, we compute A .(k), k = -1, 0, 1, ... , N, Em-l and Ay .. a8

follows:
1
AN+1('1) =T N _ —
[ A (dy,p0 &) & |l
Agea(0) = Ag,n(-2) Ay(-2)(y,y 5 o)
) N-1
A (M) = AL (A1) A1) 00 ) - JEO Apen(3) A,(3).

N -
N+l T A (-1) i 7S JEO AN+1(J) )

Mg = & g,).

Finally, compute the (N+2) Ad's, Jj=0,1, .., N+1, as follows:

Ara * A Al
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a0 [ ay - ay a0 ]

=

Ao = Aya(-D) {A»'z-l = Ay Ay(N-1) o+ AL, [‘ Agag (N=1) + Ay, (M)A (N-1) ]}’

Now let B,, be a B, such that t By = P I

ol

gnﬂ{uei - e |},

and let us define the following function:

X
JEO Ay oy (B') + Ay, M(B'),

ue,,) - 248, - B}
mera o) =y, [T TP T P

for2 |8, - B |l< LB,

= 0, otherwise,

vhere L(Bi') ;<min< {” Bi - Bi' ” }‘
n
AL~

Thus, when B' is chosen, we are acble to use the function above to
approximate X(B'), being assured that the approximation obtained here is no

N
worse that the value ¥ A'j o (B') obtained by using the initial least
J=0

squares approximating function.

Writing this multiple of A 4 88

sue,) - e, - 8|

1
5 L(Bi.)
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we see that we have a factor which varies from zero to one as B8' varies from
a position on the boundary to a position at the center of the ball

{Bill B - Bl s % e}

Thue, the factor Ki' vwhich was derived in association with the vector

Bi' is weighted depending on the nearness of B! to &1‘ .
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VIL. RECOMMENDATIONS

The contractor recommends that the computation technique developed
in this report be utilized as soon as feasible in constructing least
squares approximating functions for

1) The development of steering programs needed by space
vehicles at each instant of time in order to satisfy
given cut-off equations in an optimum manner, and

2) The development of optimum trajectories satisfying
given cut-off equations.
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